The two angular Lamé differential equations that satisfy boundary conditions on a plane angular sector ͑PAS͒ are solved by the Wentzel-Kramers-Brillouin ͑WKB͒ method. The WKB phase constants are derived by matching the WKB solution with the asymptotic solution of the Weber equation. The WKB eigenvalues and eigenfunctions show excellent agreement with the exact eigenvalues and eigenfunctions. It is shown that those WKB eigenvalues and eigenfunctions that contribute substantially to the scattering amplitude from a PAS can be computed in a rather simple way. An approximate formula for the WKB normalization constant, which is consistent with the WKB assumptions, is derived and compared with the exact normalization constant.
I. INTRODUCTION
In a previous paper ͓1͔, formulas for the WentzelKramers-Brillouin ͑WKB͒ eigenvalues satisfying Dirichlet or Neumann boundary condition on a plane angular sector ͑PAS͒ were reported and the WKB eigenvalues, ͕,͖, were compared with the exact eigenvalues for PAS's of different corner angles ͑60°, 90°, and 120°͒. A historical review of the solution of the wave equation for a PAS was also given in the above paper. It suffices to say that, to our knowledge, no approximate solution of this problem has been reported in the literature.
In this paper, the two coupled Lamé equations are solved by the WKB method. The WKB analysis in this paper is valid for large values of . Depending on the sign of , one of the two Lamé equations has turning points. When ͉͉ is small the turning points occur where the angles are small. In this region it proves more accurate to obtain the WKB phase constants by matching it with the asymptotic solution of the Weber equation. For large values of ͉͉, it is shown that this phase constant reduces to the phase constant obtained when the solution is matched with the asymptotic solution of the Airy's equation as is commonly done in quantum mechanics. This paper is organized in the following way: In the second section the WKB solution is formulated and the WKB phase constants are derived. In the third section formulas for the WKB eigenvalues for Dirichlet and Neumann boundary conditions are derived and a comparison between the WKB and exact eigenfunctions is presented. The fourth section contains a derivation of approximate WKB solutions which are valid for small values of /. Finally, an approximate formula for the WKB normalization constant consistent with WKB assumptions is derived in section five.
II. THE GENERAL SOLUTION
The angular part of the wave equation in the sphero-conal coordinate system are expressed by the two angular Lamé differential equations ͓2,1͔: The geometry of the sphero-conal coordinate system is shown in Fig. 1 . The construction of this coordinate system is described, and its orthogonality proved, in ͓2͔. The WKB solution of Eqs. ͑1͒ and ͑2͒ are respectively given by ͓1͔ A similar solution for the ⌽ equation which is valid for Ͼ0 can be obtained from the above equation by replacing ͉͉, , and with , Ј, and , respectively. The solutions given by Eqs. ͑4͒ and ͑6͒ are separated by the turning points where they are both singular. To match these solutions at the turning points, the Lamé equation is approximated by another differential equation at the turning point and then the asymptotic solution of this differential equation is matched with the WKB solution of the Lamé equation. By this process the phase constants ␦ and ␦ are obtained.
Although the WKB solutions obtained in this paper are general, we are particulary interested in those solutions that correspond to the small absolute values of the eigenvalue . The reason for this is that the expression for the scattering amplitude for a PAS, derived in a separate paper ͓3͔, contains either the eigenfunctions or their derivatives evaluated at the surface of the PAS or its edges. Observe that the surface of the PAS in the sphero-conal coordinate system is ϭ and its edges are ϭ0 and ϭ. Since the WKB eigenfunctions are decaying exponentials to the left of the turning point near zero and to the right of the turning point near , significant contribution to the solution comes from those eigenfunctions that have a turning point near the surface or near the edges. They correspond to eigenfunctions with small absolute values of the eigenvalue .
To 
͑͒,
Eq. ͑7͒ can be transformed to
The first term in the curly brackets can be set equal to any smooth function of x ͓4͔, and for small / the second term can be ignored. Near the turning points ͑Ӷ1͒ we set
Ϯa ͪ yϭ0, 
dx.
͑11͒
and
͑12͒
a is found to be
where 
Equation ͑9͒ is the desired differential equation. The asymptotic solution of this equation will be used to determine ␦ and ␦ .
A. The WKB phase constants ␦ and ␦
The Weber equation
where
For xӷ͉a͉ the Weber equation has asymptotic solutions ͓5͔
From these two solutions we construct an even solution
Ϫa ln xϩ
and an odd solution
In the region where is small so that the Lamé equation can be approximated by the Weber equation, yet is large so that the WKB solution for the Lamé equation is valid, and
both Eq. ͑5͒ and Eqs. ͑20͒ or ͑21͒ are solutions of the same differential equation. The phase constant ␦ can therefore be determined by matching the phases of the two solutions. Depending on the prescribed boundary conditions, either ỹ e or ỹ o will be employed to obtain these phase constants. First consider the even solution for the ⌽ equation. From Eq. ͑12͒ we have
Expanding the last expression in powers of a and keeping only terms of first order gives
The WKB solution, Eq. ͑5͒, thus becomes
Comparing the phase and amplitude of this equation with that of ỹ e (x,a) we find
It can be shown that
In terms of this new quantity we have
The phase constant for the odd solution is obtained by comparing I with the phase of Eq. ͑21͒. It is ␦ Јϭ
A similar analysis gives
͑25͒
And for the odd solution we find
For Ͻ 0 the role of the ⌽ and the ⌰ equations are interchanged. In other words, in this case the ⌰ equation is the one with the turning points. However, the expressions obtained for the phase constants still remain valid. In summary we have 
III. THE WKB SOLUTIONS
By determining the phase terms, ␦ , ␦ , ␦ Ј , and ␦ Ј we now have the complete WKB solutions of the ⌰ and the ⌽ equations. In this section we derive the WKB eigenvalue equations by applying the boundary conditions and imposing the requirement that the solutions for ͑;͒ Ͼ ( t ; t ) and those for ͑;͒ Ͻ (Ϫ t ;Ϫ t ) join each other smoothly in their common region of validity. This results in relationships for the WKB eigenvalues. Both Dirichlet and Neumann boundary conditions will be considered.
A. Dirichlet boundary condition
For the Dirichlet boundary condition we have ͓1͔ ⌽Ј͑0 ͒ϭ0, ⌰Ј͑0 ͒ϭ0, ⌽Ј͑ ͒ϭ0, ⌰͑ ͒ϭ0.
That is, the ⌽ solution must be even at both ϭ0 and ϭ, where the ⌰ solution must be even at ϭ0 and odd at ϭ. The WKB solution of the ⌽ equation valid in the region
Since for the Dirichlet boundary condition ⌽͑͒ is even at both ϭ0 and ϭ, the WKB solution for ϽϪ t is given by
The two solutions, ⌽ Ͻ () and ⌽ Ͼ (), must join smoothly in the region t ϽϽϪ t . Let us define
In terms of these quantities we have 
Since this solution is odd with respect to ϭ, the solution for ϽϪ t is given by
Requiring that ⌰ Ͻ () and ⌰ Ͼ () join each other smoothly results in J ϩ␦ ϩ␦ Ј ϭn, nϭ1,2, . . . . The integrals defined by J and J can be expressed in terms of elliptic integrals ͓6͔
⌸ is the elliptic integral of the third kind, and K is the elliptic integral of the first kind. We also have the following identity for J and J :
B. Neumann boundary condition
For the Neumann boundary condition we have ⌽͑0 ͒ϭ0, ⌰͑0 ͒ϭ0, ⌽͑ ͒ϭ0, ⌰Ј͑ ͒ϭ0.
The ⌽ solution is thus odd with respect to ϭ0 and ϭ where the ⌰ solution is odd with respect to ϭ0 and even with respect to ϭ. A similar approach yields the eigenvalue equations:
J ϩ 2 ͑ a ͒ϩD͑ a ͒Ϫa ln͉a͉ϩaϭ͑mϩ 
͑29͒
Note that Eqs. ͑27͒ and ͑29͒ are two parameter eigenvalue equations. This means that for a given value of n and m each set of equations must be solved simultaneously. We used the Newton-Raphson method in two dimensions to compute the eigenvalues, and for each boundary condition. The WKB eigenvalues agree remarkably well with the exact eigenvalues ͓1͔.
C. The WKB eigenfunctions
Once the eigenvalues are computed, the WKB eigenfunctions can be obtained from Eqs. ͑4͒ and ͑5͒. It is obvious that either of these solutions multiplied by a constant is still a solution. However, the amplitudes A and A were determined in such a way that the WKB solutions can be compared with the exact solution and with the solution of the Weber equation without the need to multiply them by a constant. This proves convenient when comparing individual eigenfunctions. The complete normal mode solution of the wave equation for this problem involves a sum over the product of all eigenfunctions divided by the normalization constant that removes any amplitude ambiguities ͓3͔. The WKB normalization constant is derived later in this paper. For even solutions the amplitudes A and A given by Eqs. ͑25͒ and ͑22͒ are determined such that z(0)ϭ1 and zЈ(0) ϭ0, where z can be either ⌰ or ⌽. For odd solutions, on the other hand, the initial conditions are z(0)ϭ0 and zЈ (0) ϭ1. Because the derivative of the solution is nonzero at the initial point, A and A must be multiplied by the scale factors d/dx and d/dx, respectively. To see this, take, for example, ⌰͑͒, which near ϭ0 reduces to the solution of the Weber equation, y(x). Then
Since dy/dx͉ xϭ0 is chosen to be unity, ⌰͑͒ multiplied by d/dx satisfies the above equation. The same is true for ⌽͑͒. d/dx and d/dx may be obtained from Eq. ͑15͒.
As was pointed out before, we are particularly interested in those solutions for which the turning points lie close to 0 or . In this case near 0 and the solution can be obtained from the power series solution of the Weber equation given by Eqs. ͑18͒ and ͑19͒. For a given set of eigenvalues ͕,͖, a is determined from Eq. ͑10͒. Then the power series solution are obtained by choosing or as independent variables and determining x from Eqs. ͑11͒ or ͑12͒, which is then used in Eqs. ͑18͒ and ͑19͒. The results are shown in Fig. 2 . By only using a few terms, the power series solution overlays the exact solution for and close to zero and and smoothly connects with the WKB solution in each case. In this way an excellent approximation to the exact solution can be obtained for the entire interval between 0 and .
IV. SOLUTION FOR LARGE AND SMALL
It was pointed out earlier that the main contribution to the scattering amplitude comes from those eigenfunctions that correspond to small values of . It will be shown in this section that when / 2 Ӷ1, the expressions for the eigenvalues and the integrals appearing in the phases of the WKB solutions can be approximated by simple algebraic functions. First, consider the integral
For small values of ␣ this integral is approximated by ͓7͔
By adding the eigenvalue equations for the Dirichlet boundary condition, Eq. ͑27͒, and using Eq. ͑28͒ we find
For Neumann boundary condition we similarly find
By subtracting the eigenvalue equations for the Dirichlet boundary condition and using Eqs. ͑30͒, ͑31͒, and ͑32͒ we find 2 ͩ mϩnϩ
In the same way we find for the Neumann boundary condition
In the above equations use has been made of the relationships
Equations ͑34͒ and ͑35͒ have the advantage that they only depend on the parameter a. This allows one to solve these equations for a by performing a search in one dimension ͑as opposed to two dimensions when the equations depend on as well͒ and then use Eqs. ͑32͒ and ͑33͒ to determine . The eigenvalues obtained in this way are still in excellent agreement with the exact eigenvalues. 
Similarly the phase of the ⌽ equation can be written as
For the Dirichlet boundary condition we find
and for the Neumann boundary condition we find
In the above g͑͒ is f ͑͒ with replaced by Ј, by Ϫ, and ␦ by ␦ . For small it may be shown that ͓7͔ 
